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Abstract 


It is proposed to make formulation of second quantizing a bosonic theory by 
generalizing the method of hlling the Dirac negative energy sea for fermions. We 
interpret that the correct vacuum for the bosonic theory is obtained by adding 
minus one boson to each single particle negative energy states while the positive 
energy states are empty. The boson states are divided into two sectors ; the usual 
positive sector with positive and zero numbers of bosons and the negative sector 
with negative numbers of bosons. Once it comes into the negative sector it cannot 
return to the usual positive sector by ordinary interaction due to a barrier. 

It is suggested to use as a playround models in which the hlling of empty fermion 
Dirac sea and the removal of boson from the negative energy states are not yet 
performed. We put forward such a naive vacuum world and propose a CPT-like 
theorem for it. We study it in detail and give a proof for theory. The 

CPT-like theorem is a strong rehection, but does not include inversion of operator 
order which is involved in the ordinary CPT theorem. Instead it needs certain 
analytic continuation of the multiple wave function when the state is formulated 
as a hnite number of particles present. 


1. Introduction 

There has been an wellknown method, though not popular nowadays, to second 
quantize relativistic fermion by imagining that there is a priori so called naive 
vacuum in which there is no, neither positive energy nor negative energy, electron 
present. However this vacuum is unstable and the negative energy state get hlled 
whereby the Dirac sea is formed [QjQ. This method of hlling at hrst empty Dirac 
sea seems to make sense only for fermions for which there is Pauli principle. In this 
way “correct vacuum” is formed out of “naive vacuum”, the former well functioning 
phenomenologically. Formally by hlling Dirac sea we dehne creation operators 
6+(P,s,a;) for holes which is equivalent to destruction operators a(— P,—s,—uj) 
for negative energies —oj and altogether opposite quantum numbers. This formal 
rewriting can be used also for bosons, but we have never heard the associated hlling 
of the negative energy states. 

It is the hrst purpose of the present article to present the method analogous 
to the hlling of the empty Dirac Sea, naive vacuum, but now for bosons . Unlike 
to the fermion case, for bosons we must add minus one particle to each negative 
energy single particle states. This may sound curious and is of course formal. 
However in the following section 2 we shall treat the harmonic oscillator which 
is brought in correspondence with a single particle state under the usual second 
quantization. We make an extension of the spectrum with the excitation number 

n = 0,1,2,... to the one with negative integer values n = -1,-2 . This 

extension can be performed by requiring that the wave function 'ip{x) should be 
analytic in the whole complex x plane except for an essential singularity at x = cx). 

^See for example for historical account. 
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This requirement is a replacement to the usual condition on the norm of the finite 
Hilbert space |'0(a;)p(ix < oo. The outcome of the study is that the harmonic 
oscillator has the following two sectors : 1) the usual positive sector with positive 
and zero numbers of particles, and 2) the negative sector with the negative number 
of particles. The 2nd sector has indefinite Hilbert product. 

But we would like to stress that there is a barrier between the usual positive 
sector and the negative sector. Due to the barrier it is impossible to pass from 
one sector to the other with usual polynomial interactions. This is due to some 
extrapolation of the wellknown laser effect, which make easy to £11 an already 
highly filled single particle state for bosons. This laser effect may become zero 
when an interaction tries to have the number of particles pass the barrier. In this 
way we may explain that the barrier prevents us from observing a negative number 
of bosons. 

Once the barrier is passed by removing one particle, the barrier prevents that 
there ever again be a non-negative number of particles in that state. Contrary to 
the fermion case it is impossible to remove one particle from each negative energy 
boson state. 

It may be possible to use as a playground a formal world in which one has 
neither yet filled the usual Dirac sea of fermions nor performed the one boson 
removal from the negative energy state. We shall indeed study such a playground 
model referred to as the naive vacuum model. Particularly we shall provide an 
analogous theorem to the CPT theorem |^, since the naive vacuum is not CPT 
invariant for both fermions and bosons. At first one might think that a strong 
reflection without associated inversion of operator order might be good enough. 
But it turns out this has the unwanted feature that the sign of the interaction 
energy is not changed. This changing the sign is required since under strong 
reflection the sign of all energies should be switched. To overcome this problem 
we propose the CPT-like symmetry for the naive vacuum world to include further 
a certain analytic continuation. This is constructed by applying a certain analytic 
continuation around a branch point which appears in the wave function for each 
pair of particles. It is presupposed that we can restrict our attention to such a 
family of wave function as the one with sufficiently good physical properties. 

The second purpose of the present paper, which is the major one, is to put 
forward a physical picture that may be of value in developing an intuition on naive 
vacuum world. In fact investigation of naive vacuum world may be very attrac¬ 
tive because the physics there is quantum mechanics of finite number of particles. 
Furthermore the theory is piecewise free in the sense that due to relativistic interac¬ 
tions become of infinitely short range. Thus the support that there are interactions 
is null set and one may say that the theory is free almost everywhere. But the 
very local interactions make themselves felt only via boundary conditions where 
two or more particles meet. This makes the naive vacuum world a theoretical play¬ 
ground. However it suffers from the following severe drawbacks from a physical 
point of view : 

^The CPT theorem is well explained in 
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No bottom in the Hamiltonian 


• Negative norm square states 

• Pairs of particles with tachyonically moving center of mass 

• It is natural to work with “anti-bound states” rather that bound states in 
the negative energy regime. 

What we really want to present is a more dramatic formulation of relativistic 
second quantization and one may think of it as a quantization procedure. We shall 
formulate below the shift of vacuum for bosons as a shift of boundary conditions 
in the wave functional formulation of the second quantized theory. 

But, using the understanding of second quantization of particles along the way 
we describe, could we get a better understanding of how to second quantize strings? 
This is our original motivation of the present work. In the oldest attempt to make 
string held theory by Kaku and Kikkawa [Q the inhnite momentum frame was 
used. To us it looks like an attempt to escape the problem of the negative energy 
states. But this is the root of the trouble to be resolved by the modihcation of 
the vacuum ; hlling with fermion and removal of boson from each negative energy 
state. So the hope would be that by grasping better these Dirac sea problems in 
our way, one might get the possibility of inventing new types of string held theories, 
where the inhnite momentum frame would not be called for. We have in mind a 
string held theory of the type that inhnitesimal pieces rather than full strings [| 
are second quantized : in such attempts the Dirac sea of negative energy problems 
would occur locally all along the string. There seems to be a possibility to escape 
in some way the inhnite momentum frame in string hied theory. The real problem 
is that some splitting of the string so as to avoid the duality equality of s— and t— 
channels may be needed instead of the summation of the Feynmann diagrams. To 
avoid such problems a quantization of constituents may look more promising. But 
then the negative energy may occur for pieces of strings and the problem may be 
further enhanced. Thus at hrst we might be happy to make a string held theory 
in the formulation of the naive vacuum world. 

The present paper is organized as follows. Before going to the real description 
of how to quantize bosons in our formulation we shall formally look at the har¬ 
monic oscillator in the following section 2. It is naturally extended to describe a 
single particle state that can also have a negative number of particles in it. In 
section 3 application to even spin particles is described, where the negative norm 
square problems are gotten rid of. In section 4 we bring our method into a wave 
functional formulation, wherein changing the convergence and hnite norm condi¬ 
tion are explained. In section 5 we illustrate the main point of the formulation of 
the wave functional by considering a double harmonic oscillator. This is much like 
a 0 -|- 1 dimensional world instead of the usual 3-1-1 dimensional one. In section 
6 we go into a study of the naive vacuum world. In section 7 we illustrate how to 
rewrite an interaction into a boundary conditions for the wave function by taking 

^Some works along this line are listed in 
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as an example the \{ip'^(pY theory. Section 8 concerns some discussion of what 
analyticity properties of singularities the wave function is forced to have. This 
study is motivated as a prerequisite for the CPT-like theorem which is presented 
in section 9. In section 10 a proof of the theorem is presented for the case of a \ip\^ 
theory. The relation to the usual CPT theorem is explained in section 11. Finally 
in section 12 we give conclusions. 


2. The analytic harmonic oscillator 

In this section we consider as an exercise the formal problem of the harmonic 
oscillator with the requirement of analyticity of the wave function. This will turn 
out to be crucial for our treatment of bosons with a Dirac sea method analogous to 
the fermions. In this exercise the usual requirement that the wave function 'ip{x) 
should be square integrable 


{x)rdx < oo 


( 2 . 1 ) 


is replace by the one that 


'ip{x) is analytic in C 


( 2 . 2 ) 


where a possible essential singularity at a; = cx) is allowed. In fact for this harmonic 
oscillator we shall prove the following theorem : 


1) The eigenvalue spectrum E for the equation 


(2.3) 


is given by 

E = {n + ]^)huj {neZ) (2.4) 

with any integer n. 

2) The wave functions for n = 0,1, 2,... are the usual ones 

iPn{x) = Hn{(3x) . 

Here ^ and Hn{j3x) the Hermite polynomials of f3x while 
. For n = —1, —2,... the eigenfunction is given by 

(Pn{x) = g)_n-i{ix) = H_n-i{if3x) . (2.6) 

3) The inner product is defined as the natural one given by 

< >= j^'ilJi{x*)*i^2{x)dx (2.7) 


(2.5) 


P 

-n. - 

TT^ 2^n! 
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where the contour is taken to be the one along the real axis from x = —oo to 
X = oo. The r should be chosen so that the integrand should go down to zero at 
X = oo, but there remains some ambiguity in the choice. However if one chooses 
the same T so all the negative n states, the norm squares of these states have an 
alternating sign. In fact for the path T along the imaginary axis from —ioo to ioo, 
we obtain 





ipn{x*)*ipn{x)dx 


-(- 1 ) 


( 2 . 8 ) 


The above l)-4) constitute the theorem. 

Proof of this theorem is rather trivial. We may start with consideration of 
large numerical x behavior of a solution to the eigenvalue equation. Ansatze for 
the wave function is made in the form 


and we rewrite the eigenvalue equation as 


(2.9) 


fix) ET\u;h 


pf{x)' 


ujh 


( 2 . 10 ) 


If we use the approximation that the term f"{x)/P‘^f{x) is dominated by the term 
±jj^(3x for large |x|, eq. (p.l0|) reads 


dlogf{x) + ^uh 


( 2 . 11 ) 


dlogx cuh 

Here the right hand side is a constant n which is yet to be shown to be an integer 
and we get as the large x behavior 


/(x) ~ x” (2.12) 

The reason that n must be integer is that the function x"" will otherwise have a 
cut. Thus requiring that /(x) be analytic except for x = 0 we must have 

^ E =--ooh + nhuj (2-13) 

For the upper sign the replacement n ——n — 1 is made and we can always write 

E =-hoj + nhuj (2-14) 

where n takes not only the positive and zero integers n = 0,1,2,..., but also the 
negative series n = —1, —2 .... 


6 









Indeed it is easily found that for negative n the wave function is 




(2.15) 


Next we go to the discussion of the inner product which we dehne by eq.( p.7|) . If 
the integrand goes to zero as x —>• ±cx) the contour T can be deformed 

as usual. But when the integrand does not go to to zero, we may have to dehne 
inner product by an analytic continuation of the wave functions from the usual 
positive sector ones that satisfy / \'ijj{x)\‘^dx < oo . If we choose T to be the path 
along the imaginary axis from x = —ioo to x = ioo, the inner product takes the 
form 


/ 200 

iPn{x*yiprn{x)dx 

-ioo 

/ oo 

(f-n-i {i V-m-i {i {ii)) di (2.16) 

-CXD 

where x along the imaginary axis is parameterized hy x = with a real ^ . From 
eq. (|2.16|) we obtain for the negative n and m, 


^ ^— y 1 ) dn 


(2.17) 


SO that 



-i(-i) 


(2.18) 


We notice that the norm square has the alternating sign depending on the even or 
odd negative n, when the contour F is kept hxed. 


The reason why there is a factor i in eq. (p.l8 ) can be understood as follows : 
when the complex conjugation for the dehnition of the inner product ( ^.71 ) is taken, 
the contour F should also be complex conjugated 


<^/’i|^2>*= / yi{x*)y2 

Jv* 

{x)*dx 

(2.19) 

Thus if F is described by x = x(.^) as 



T = {x{^)\- oo < ^ < oo : 

^ = real} 

(2.20) 

then F* is given by 



F* = {x*(OI - oo < ^ < cx) , 

^ = real} . 

(2.21) 

So we hnd 



<'0l|V’2>*=/ V’2(x(O*)*'0l( 

J —oo<^<oo 


(2.22) 
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which deviates from < 'ip 2 \'^i > by the factor dx{^)*/dx{^) in the integrand. In the 
case of x{^) = , dx{^)*/dx{^) = —1 so that 

<'0i|V’2 >*= - < ^2|^i > (2.23) 

for the eigenfunctions of the negative sector. From this relation the norm square 
is purely imaginary. 

It may be a strange convention and we may change the inner product eq. (p.7|) 
by a new one defined by 


< ^l|^/^2 >new= - < ^l|^2 > (2.24) 

I 

SO as to have the usual relation also in the negative sector 

< ^l|'02 >new = < ^2|'01 >new (2.25) 

Thus we conclude that the norm square is given by eq.( p.l7| ). 


3. The treatment of the Dirac sea for bosons 

We shall make use of the extended harmonic oscillator described in previous 
section to quantize bosons. 

As is well known in a non-relativistic theory a second quantized system of bosons 
may be described by using an analogy with a system of harmonic oscillators ; one 
for each state in an orthonormal basis for the single particle. The excitation number 
n of the harmonic oscillator is identified with the number of bosons present in that 
state in the basis to which the oscillator corresponds. 

For instance, if we have a system with N bosons its state is represented by the 
symmetrized wave function 


(aq,... ,ai^) (3.1) 

where the indices ai,a 2 ■ ■ ■ indicate the intrinsic quantum numbers such as 
spin. In a energy and momentum eigenstate k = {k-i+) oi k = (fc,—) we may 
write 

Kpos = {(^5+)! k} , (3.2) 

A'neg = {{k,-)\k}- (3.3) 

and K = K^os U K^eg ■ We expand '0ai...ajv(^i! ■ ■ ■ in terms of an orthonormal 
basis of single particle states {(pk-,a ( 2 ^)} with keK. It reads 




(3.4) 


1 ^ > = ■ ■ ■ ,Xn) 

■ P^Sm 

V^fcp(l)ai (2^l)V^fcp(2)02(^2) ■ ■ ■ 9^fcp(jv)aAf (^A'") 

The corresponding state of the system of harmonic oscillators is given by 

1 ^ >= Y1 Ck^^...kf,\{\nk = 'i^{i\i = 1,- ■ ■ ,N axid ki = k} > (3.5) 

keK 

where \nk > represent the state of the k-ih. harmonic oscillator. 

The harmonic oscillator is extended so as to have the negative Uk values of 
the excitation number. This corresponds to that the number of bosons uk in 
the single particle states could be negative. In the non-relativistic case one can 
introduce the creation and annihilation operators and al respectively. In the 
harmonic oscillator formalism these are the step operators for the kih harmonic 
oscillator, 



al\nk> = Vuk + 1 |nfe + 1 > (3.6) 

ak\nk > = \nk-l> . (3.7) 

It is also possible to introduce creation and annihilation operators for arbitrary 
states I'lp > 


a+(^7) 

= > al 

(3.8) 


keK 


a{ij) 

= '^ak<(pk\ii> ■ 

keK 

(3.9) 


We then find 


[a{ip'),a'^{ip)] = < ip'\(pk'> [ak',ak] < (Pklip > 

k,k' 

= . (3.10) 

in which the right hand side contains an indehnite Hilbert product. Thus if we 
perform this naive second quantization, the possible negative norm square will be 
inherited into the second quantized states in the Fock space. 

Suppose that we had chosen the basis such that for some subset Kpos the norm 
square is unity 
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(3.11) 


< ipk\(pk >= 1 for keK^ 
while for the complement set K^eg = K\Kpos h is 

< (Pkl^fk >= -1 for /cei^neg • (3-12) 

Thus any component of a Fock space state must have negative norm square if it 
has an odd number of particles in states of K^eg- 

In the analogy to the harmonic oscillator, we have the following signs of the 
norm square in the naive second quantization 

< nk\mk >= (3.13) 

for keK^eg where Uk and ruk denote the usual nonzero levels. With use of our 
extended harmonic oscillators we end up with a system of norm squared as follows 


For keKpos 


nk\mk > 


1 ^UkTUk 

for nk.rrik = 0,1,2,... 

< *(5nfcmfc(-l)”'= 

for nk,mk = -1, -2 ... 

[ CX) 

for Uk and nik in different sectors 


For keK^eg 


< UklrUk > 


'^^rikTUk 

OO 




for nk,mk = 0,1,2,... 

for Uk^nik = -1, -2 ... 

for Uk and rrik in different sectors . 


(3.14) 


(3.15) 


We should bear in mind that the trouble of negative norm square is solved by 
putting minus one particle into each state with keK^^g- Thereby we get it restricted 
to negative number of particles in these states. Thus we have to use the inner 
product < nk\mk >= i5nf.mk) which makes the Fock space sector be a good positive 
definite Hilbert space apart from the overall factor i. 

We may formulate our procedure in the following. The naive vacuum may be 
described by the state in terms of the ones of the harmonic oscillators as 


I naive vac. >= TT |0 >kth ■ (3.16) 

keK 

On the other hand the correct vacuum is given by the state 

I correct vac. >= TT |0 >kth • TT I — 1 >kth (3-17) 

osc ^ osc 

K€./\pos fcc/vneg 

where the states | — 1 > in iFneg are the ones with minus one particles. 
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We proceed to the case of relativistic integer spin particles of which inner prod¬ 
uct is indehnite by Lorentz invariance 

J ^jJ*{x,t) dt X . (3.18) 

The energy of the naive vacuum is given by 

Enaive vac. ^ 0 . (3.19) 

keK ^ 

By adding minus one particle to each negative energy state with keK^^g the 
second quantized system is brought into such a sector that it is in the ground state, 
that is the correct vacuum. The energy of it is given by 



■ ^ 

(3.20) 

keK ^ 

keKneg 


= 

= ^ <Xk 

(3.21) 

keK ^ 

fcei^pos 



It should be stressed that only inside the sector we obtain the ground state in 
this way. In fact with the single particle negative energies for bosons, the total 
hamiltonian may have no bottom. So if we do not add minus one particle to 
each single particle negative energy state, one may hnd a series of states of which 
energy goes to — cx). However, by adding minus one particle we get a state of the 
second quantized system in which there is the barrier due to the laser effect. This 
barrier keeps the system from falling back to lower energies as long as polynomial 
interaction in and au are concerned. 

In the above calculation for the relativistic case we have 


-t^correct vac ^ -t^naive vac • y0.22j 

Thus at the hrst sight the correct vacuum looks unstable. However which vacuum 
has lower energy is not important for the stability of a certain proposal of vacuum. 
Rather the range of allowed energies for the sector of the vacuum proposal is 
important. To this end we dehne the energy range E^ange of the vacuum by 

Erangedvac >) = {E} (3.23) 

where E denotes an energy in a state which can be reached from |vac > by some 
operators polynomial in a~^ and a. Thus for naive vacuum 


Erange(|naive vac >) = ( —CXD, CX)) 

while for correct vacuum 


(3.24) 
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(3.25) 


Erange( I correct vac >) = -\ujk\,oo\ 

keK ^ 

Once the vacuum is brought into the correct vacuum state, it is no longer possible to 
add particles to the state with due to the barrier rather to subtract particles. 
Thus Ofc with keK^gcr can act on I — 1 >^4^ with arbitrary number of times as 

{akT\ - 1 J\^. \-l-n >,tH . (3.26) 

OSC V osc 

These subtractions we may call holes which correspond to addition of antiparticles. 
It is natural to switch notations from dagger to non dagger one by dehning 

6’^(- /c, anti) = a(A;,-) (3.27) 

and vice versa where k = {k,—) isao; < 0 state with 3-momentum k- The 
operator A;, anti) denotes an creation of antiparticle with momentum k and 

positive energy —00 > 0 . This is exactly the usual way of treatment of the second 
quantization for bosons. The commutator of these operators reads 

[6( A;, anti), 6''"(A;', anti)] = 5^^ . (3.28) 

It should be noticed that in the boson case the antiparticles are also holes. Before 
closing this section two important issues are discussed. The hrst issue is that there 
are four vacua in our approach of quantization. 

We have argued that we can obtain the correct vacuum by modifying the naive 
vacuum so that one fermion is hlled and one boson removed from each single 
particle negative energy state. This opens the possibility of considering naive 
vacuum and associated world of states where there exists a few extra particles. 
The naive vacuum should be considered as a playground for study of the correct 
vacuum. It should be mentioned that once we start with one of the vacua and 
work by hlling the negative energy states or removing from it, we may also do so 
for positive energy states. In this way we can think of four different vacua which 
are illustrated symbolically as type a-d in Fig.l. 

As an example consider the type c vacuum. In this vacuum the positive energy 
states are modihed by hlling the positive energy states by one fermion but removing 
from it by one boson, while the negative energy states are not modihed. Thus 
the single particle energy spectrum has a top but no bottom. Inversion of the 
convention for the energy would not be possible to be distinguished by experiment 
as far as free system is concerned. However it would have negative norm square 
for all bosons and the interactions would work in an opposite manner. We shall 
show in the later sections that there exists a trick of analytic continuation of the 
wave function to circumvent this inversion of the interaction. 

Another issue to be mentioned is the CPT operation on those four vacua. The 
CPT operation on the naive vacuum depicted as type a vacuum in Fig.l does not 
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(c) False vacuum (d) False vacuum 

Figure 1: Four types of vacua 

There are four possible types of vaua for bosons as well as fermions. In Figures (a) 
- (d) the shaded states denote that they are all hlled by one particle for fermions 
and minus one particle for bosons. The unshaded states are empty. 


get it back. The reason is that by the charge conjugation operator C all the holes 
in the negative energy states are, from the correct vacuum point of view, replaced 
by particles of corresponding positive energy states. Thus acting CPT operator on 
the naive vacuum sends into the type c vacuum because the positive energy states 
is modihed while the negative ones remain the same. This fact may be stated that 
in the naive vacuum CPT symmetry is spontaneously broken. 

However in section 9 we shall put forward another CPT-like theorem in which 
the CPT-like symmetry is preserved in the naive vacuum but broken in the correct 
one. 

Before going into presenting the new CPT-like theorem in Section 9 we mention 
some properties of the world around the naive vacuum where there is only a few 
particles. The terminology of the world around a vacuum is used for the one with 
a superposition of such a states that it deviates from the vacuum in questions by a 
hnite number of particles and that the boson does not cross the barrier. Since the 
naive vacuum has no particles and we can add positive numbers of particles which, 
however, can have both positive and negative energies. The correct vacuum may 
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similarly have a finite number of particles and holes in addition to the negative 
energy seas. 


4. Wave functional formulation 

In this section we develop the wave functional formulation of field theory in the 
naive vacuum world. 

When going over field theory corresponding to the naive field quantization 




7l{x,t) 


E 

P ,sign 

E 

P ,sign 



a(P,sign)e-'‘^*+''’-" 



a(p,sign) ■ (sign)e-'‘"*+''’-" 


(4.1) 

(4.2) 


we have a wave functional 4/[v?]. For each eigenmode oj(p^ + , where are 

the 3-spatial Fourier transforms of (p{x) and is conjugate momentum, we have 
an extended harmonic oscillator described in section 2. In order to see how to 
put the naive vacuum world into a wave functional formulation, we investigate the 
Hamiltonian and the boundary conditions for a single particle states with a general 
norm square. 

Let us imagine that we make the convention in which the n-particle state be 


AnHn{x) (4.3) 

with Hn the Hermite polynomial. Thus 

\n >= AnHn{x)\0 > . (4.4) 

On the other hand n-excited state in the harmonic oscillator is given by 

(4.5) 

with We can vary the normalization while keeping the convention as 

< n|n >= < 0|0 > . (4.6) 

We can consider as the norm square of the single particle state corresponding 
to the harmonic oscillator. 

Now the Hamiltonian of the harmonic oscillator is expressed in terms of u and 
as 


H = 


u <P 
2 < s.p\s.p > dx"^ 


1 

2 


< s.p\s.p > OJX^ 


(4.7) 
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where |s.p > denotes the single particle state and 

< s.p\s.p >= mu (4.8) 

with h = 1. Remark that if one wants < s.p\s.p > negative for negative u one 
should put the usual signs on the coefficient in H. However in this case (3 turns 
out to be pure imaginary and blows up so that the wave functions become 

like the one in the extended negative sector discussed before. 

By passing to the correct vacuum world by removing one particle from each 
negative energy state, the boundary conditions for the wave functional are changed 
so as to converge along the real axis for all the modes. In fact they were along the 
imaginary axis for the negative energy modes in the naive vacuum. 

From the fact that the form of the Hamiltonian in the wave functional formal¬ 
ism must be the same as for the correct vacuum we can easily write down the 
Hamiltonian. For instance using the conjugate variable tt 

nix) = —i -^ 

5ip{x) 

the free Hamiltonian becomes 

= j + \\j ip{x)\'^+ m\(p{x)\'^^d^ X . (4.10) 

This acts on the wave functional 


(4.9) 


1 


<52 


5ip{x] 


+ \\y ip{x)\^+ m‘^\(p{x)\H'^[(p] 


The inner product for the functional integral is given by 


(4,11) 


<<I<1I<I<2 > = f'iil(Reip)\(Imipy]‘ 

• 4 / 2 Imip\VRe(p ■ Vlmcp , 

where the independent functions are Re(p{x) and Im(p{x) . In order to describe 
the wave functional theory of the naive vacuum world we shall make a formulation 
in terms of the convergence condition along the real function space for Reip and 
Imif . In fact we go to the representation in which '^[Re(p, Imn] is expressed by 
means of (p and tt representations. 

We would like to organize so that the boundary conditions for the quantity 
up^ + are convergent in the real axis for a; > 0 while for a; < 0 they are so 

k k 

in the imaginary axis. We may think the real and imaginary parts of 
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separately. Then the requirement of convergence in the correct vacuum should be 
that for a; < 0 the formal expression 


and 


Re(uip^ + in^) 

k k 




(4.12) 


k k 


+\{(Ren)-^+(Ren)_^} 


(4.13) 


are purely imaginary along the integration path for which the convergence is re¬ 
quired. 

We may use the following parameterization in terms of the two real functions 
Xi and X 2 : 


Re(f = -{1 + i)xi - {1 - i)X 2 
Imn = {I - i)xi + {I + i)X 2 

By this parameterization the phases of lay in the intervals 


and 


TT 


4 



for ci; < 0 



for a; > 0 


modulo TT. They provide the boundary condition for the naive vacuum world when 
convergence of 'Dxi^X 2 integration is required. 

In this way we hud the naive vacuum world with usual wave functional hamil- 
tonian operator. However we do not require the usual convergence condition 


J '^{Recp, Im(py'^{Re(p, Imp)VRe(pVIm(p < oo (4-14) 

but instead require 


< TIT >= J[{Rep)*, [Rep, Imp]!) xi'Dx 2 < oo (4-15) 

where the left hand side is dehned along the path with y-parameterization. The 
inner product corresponding to this functional contour is 
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< > 


= J - i)Xi - (1 + i)X 2 , (1 + i)xi + (1 - i)X 2 ]* 

'I'2[-(l + i)Xi - (1 - 0X2, (1 - Oxi + (1 + 0X2]'PXi^^X2 (4.16) 


This is not positive definite, and that is related to the fact that there are lots of 
negative norm square states in the Fock space in the naive vacuum world. 


The method of filling the vacuum for fermions now becomes for the case of 
bosons that first in the naive vacuum we have the strange convergence condition 
eq. (b:.14|) . We then go to the correct vacuum by switching the boundary conditions 
to the convergence along real axis e.g. Re^p and Irmr real. 


5. Double harmonic oscillator 

To illustrate how our functional formalism works we consider as a simple ex¬ 
ample a double harmonic oscillator. It is relevant for us in the following three 
points: 

1) It is the subsystem of a field theory which consists of two single particle states 
with = (P,a;(P)) and —p^ = (— P, —lj{p)) for uj{P) > 0 . 

2) It could correspond a single 3-position field where the gradient interaction is 
ignored. 

3) It is a 0 -|- 1 dimensional model field theory. 

We start by describing the spectrum for free case corresponding to a two state 
system in which the two states have opposite cu’s. The boundary conditions in the 
naive vacuum world is given by 


J V’ {{Rep)* , (/mil)*)* V’ {Rep, /mil) dxiX2 

= / ^ (- (1 - 0 Xi - (1 + 0 X 2 , (1 + i) Xi + (1 - i) X2)* 

■ ^ (- (1 + ^) Xi - (1 - i) X 2 , (1 - i) Xi + (1 + i) X2) dxidx2 < 00 (5.1) 

which is similar to eq. ([4.161) . However in eq. (|5.1| ) the quantities Xi ^.nd X2 are not 
functions, but just real variables. Here we use a mixed representation in terms of 
position variables Rep and Imp and conjugate momenta 


Ren = —i 


d 


dRep 


, Imn = —i 


d 


dimp 


(6.2) 


The Hamiltonian may be given by a rotationally symmetric 2 dimensional oscil¬ 
lator because the two a;’s are just opposite. From eq. ([4.7|) the coefficient of 

is 
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—u 


(5.3) 


and that of {IrmpY is 


2 < s.p\s.p. > 


- < s.p.\s.p. > u (5.4) 

where \s.p > denotes the single particle state. These coefficients are the same for 
both oscillators and thus the Hamiltonian reads 


H = 




•9 <9 1 | I * 






= - a; 


dReip'^ dlmcp" 


+ Rep^ + Irrupt 


which is expressed in the mixed representation as 


1 ( 0 ‘^ 0 “^ \ 

" = + + awj ■ 

We may express H in terms of the real parameterization xi and X 2 by using the 
relations 


Reip = -(1+i)xi - (1-i)x2 
JmTT = (1-i)xi + (1+ i)x2 • 

It may be convenient to dehne 

X± = v^(X2 ± Xi) (5.6) 

so that 

The inner product takes the form 

< ^i|^2 >= j ijii-X-,X+y'ip2iX-:X+)dX-dx+ (5.8) 

where 

MX-, X-) = yi{-V2x+ + iV2x-, \/2x+ + iv^X-) (5.9) 

As to be expected the Hamiltonian turns out to be two uncoupled harmonic 
oscillators expressed in terms of x_and x+- The x+ oscillator is usual one while 
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X_ one has the following two deviations : one is that it has over all negative sign. 
The other one is that in the dehnition of the inner product —X- instead of X- is 
used in the bra-wave function. This is equivalent to abandoning a parity operation 
X- ——X- ill fhs inner product. 

The energy spectrum is made up from all combinations of a positive contribu¬ 
tion |a;|(n+ -f |) with a negative one —|ci;|(n_ -|- |) so that 

E = \oj\{n+ — n_) . (5.10) 

The norm square of these combination of the eigenstates are (—1)"““^ which equals 
to the parity under the X- parity operation X- —^ ~X- • 

If we consider the single particle state, the charge or the number of particles is 
given by 


Q = 

_ 1 2 15" 1 ,2 1 52 

2 ^+ 2 ^ ^ 2 ^" 2 ^ 


(5.11) 


This is simply a sum of two harmonic oscillator Hamiltonians with the same unit 
frequency. Thus the eigenvalue Q' of Q can only take positive integer or zero. For 
a given value Q' that is number of particle in either of the two states, the energy 
can vary from E = — |a;|Q' to = |a;|Q' in integer steps in 2|a;| . Thus we can put 


n_ = Q',Q'-l,Q'-2,---,0 

in the negative uj states and in the positive energy state we have 


(5.12) 


= Q — ri- . 


So the energy eq.(^.lU|) can be written as 


(5.13) 


= |a;|(Q — 2n_) (5-14) 

which is illustrated in Fig.2(a). By going to the convergence condition along the 
real axis we get the usual theory with correct vacuum, see Fig.2(b). 

The wave function of the naive vacuum is given by 


i’n.v. = IVexp (-Ix- - ^xt) 


(5.15) 


with a normalization constant N. We may transform eq. (|5.14|) in the mixed trans¬ 
formation back to the position representation by Fourier transformation 
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(a) Naive vacuum (b) True vacuum 

Figure 2: charge vs energy in two state system 
Naive vacuum case is depicted in Figure (a), while Figure (b) is for the case of true 
vacuum. 


V’n.w.(-Re(p, Jrrup) = J Irnll)dlmll 

= N5{Im(p — iRetp) . (5.16) 

Here ^-function is considered as a functional linear in test functions that is analytic 
and goes down faster than any power in real directions and no faster than a certain 
exponential in imaginary direction. This function may be called the distribution 
class Z' according to Gel’fand and Shilov 0]. Thus our naive vacuum wave function 
is 5-function that belongs to Z'. 

By acting with polynomials in creation and annihilation operators of the naive 
vacuum state we obtain the expression of the form 


an,m{Re(p — iIm(p)"‘6^^\Re(p + Im(p) . (5-17) 

Thus the wave functions of the double harmonic oscillator in the naive vacuum 
world are composed of eq. (|5.17|) . 


As long as the charge Q is kept conserved, even an interaction term such as an 
anharmonic double oscillator with phase rotation symmetry, only the states of the 
form eq. (|5.17|) can mix each other. For such a hnite quantum number Q there is 
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only a finite number of these states of the form. Therefore even the anharmonic 
oscillator would be reduced to hnite matrix diagonalization. In this sense the naive 
vacuum world is more easier to solve than the correct vacuum world. 

In higher dimensions we may extend our result of the double harmonic oscillator 
an obtain a ^-functional wave functional for the naive vacuum. The naive vacuum 
world would involve polynomials in the combinations that are not present in the 
^-functionals and their derivatives. 


6. The Naive vacuum world 

In this section we shall investigate properties of the naive vacuum world. It is 
obvious that this world has the following hve wrong properties from the point of 
view of phenomenological applications: 

1) There is no bottom in the energy. 

2) The Hilbert space is not a true Hilbert space because it is not positive dehnite. 
The states with an odd number of negative energy bosons get an extra minus 
sign in the norm square. 

We may introduce boundary conditions to make a model complete which 
may be different for negative energy states. As will be shown in section 8 
in order to make an elegant CPT-like symmetry we shall propose to take 
the boundary condition for the negative energy states such that bound state 
wave functions blow up. 

3) We cannot incorporate particles which are their own antiparticles. Thus we 
should think that all particles have some charges. 

4) The naive vacuum world can be viewed as a quantum mechanical system 
rather than second quantized held theory. It is so because we think of a 
hnite number of particles and the second quantized naive vacuum world is in 
a superposition of various hnite numbers of particles. 

5) As long as we accept the negative norm square there is no reason for quantiz¬ 
ing integer spin particles as bosons and half integer ones as fermions. Indeed 
we may hnd the various possibilities as is shown in table 1. In this table 
we recognize that the wellknown spin-statistics theorem is valid only under 
the requirement that the Hilbert space is positive dehnite. It should be no¬ 
ticed that in the naive vacuum world with integer spin states negative norm 
squares exist anyway and so there is no spin-statistics theorem. When we 
go to the correct vacuum it becomes possible to avoid negative norm square. 
Then this calamity of indehnite Hilbert space is indeed avoided by choosing 
the Bose or Fermi statistics according to the spin-statistics theorem which is 
depicted in table 2. 
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spin 

statistics 

C _ 1 3 

O 252’*** 

^ = 0,1,... 

Fermi-Dirac 

II ■••||^ > 0 

Indehnite 

Bose-Einstein 

■■■ p > 0 

Indehnite 


Table 1: Spin-statistics theorem for naive vacuum 


spin 

statistics 

C _ 1 3 

O 2^2’*** 

^ = 0,1,... 

Fermi-Dirac 

II ■■■||^ > 0 

Indehnite 

Bose-Einstein 

Indehnite 

II ■■■||^ > 0 


Table 2: Spin-statistics theorem for true vacuum 

7. The theory and boundary condition 

In this section we illustrate how to rewrite an interaction into a boundary 
condition for the wave function by taking as an example the scattering in the 
X{(p~^ipy theory. The held expansion of the second quantized held ip reads 


v(x) = ^ I. a(k. +) + " ■ a(k, -)| (7.1) 

and we insert it into the expression for the interaction Hamiltonian 

Hint = ^ J X ip+{x,tf(p{x,tf ■ (7.2) 

With this interaction there is only the s-wave scattering in the partial wave analysis 
for two charged scalars. In the partial wave analysis, the delay or advance of the 
scattered particles is given by , where (5(ci;) is the energy of one of the outgoing 
particles. Thus we may write for very short range interaction 


d5{uj) 

du! 


= 0 


(7.3) 


In terms of the spatial wave function in the s-wave channel, the phase shift is 
dehned such that the s-wave wave function should be of the form 


cos ■ jo{k ■ r) — sin S{uj) ■ no{k ■ r) . (7.4) 

Here r is the relative distance in the center of mass system and k the relative 
momentum. The functions jo(^ ■ and no (A; ■ r) denote 
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and 


3o{k ■ r) 
no{k ■ r) = 


sin k ■ r 

(7.5) 

k ■ r 

cos k ■ r , , 

k ■ r 

(7.6) 


It should be noticed that the four momentum in the center of mass system can be 
space-like in our naive vacuum and thus a proper center of mass system does not 
exist. However, we may postpone that case for the moment. 


The wave function is expressed in a superposition of eg. ( |7.4| ) as 


(p{xrei,x)= c{uj)e {cos 6 {uj)jo{k ■ v) — sm 6 {u!)no{k ■ v)} du 


where t is the time in the center of mass system. 

For very short relative distances we have as r —> 0, 


(7.7) 


no{k ■ r) —* —-k-\-0{k-r) , 

nlT 

Mk-r) ^ 1 . (7.8) 

We can extract the coefficients of uq and jo as the ones to the —art and constant 
part of (p, which can be estimated as 


coeff. of (p\i_part = 


and 


Van. Tin 

r^O 


= J c{u!) sin 6(u)—-—doo 


coeff. of ^\const—part 7^1 -—part) 


r—^■O 


For large |a;| the masses may be ignored and u behaves as 


(7.9) 


J c{uj) cos6{oo)e ‘^'"‘^^duj . (7.10) 


|cu|~fc . (7.11) 

By taking 6{lj) = 6 which is constant we hnd a relation 

i (coeff. of = 2tan(5 • (coeff. of ip\const-part) ■ (7-12) 

We then evaluate how the constant phase shift 6 is related to the coupling constant 

A. 
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Before going into this evaluation we must construct a wave function for two 
particle state by using the (tt, 99)-formahsm where vr denotes conjugate momentum 
to (f. An A^-scalar wave function have 2^ components and each of those are marked 
as or TT with respect to each of the N particles in the state. For example a two 
particle state wave function may be written as 

V^ipTT (2^1 ) ^2 1 t') 

^TTip ( 2^1 1 ^2 1 t') 

\ ‘~Pn 7 T{Xi,X 2 ;t) 

The inner product of these wave functions can be dehned by extending the one for 
single particle states. The latter reads 


(7.13) 




= -i / d X 


(7.14) 


where the subscript 1 and 2 denote two single particle states. This expression may 
be extended to the two particle system as 





^ ^ipip2 ^ 

\ 

( ° 

0 

0 

-1 \ 


( \ 

/ 

^(pTvl 



\ _ / ( 30* /o* /o* 'l 

0 

0 

1 

0 



\ 

^TVipl 


^7Vip2 

) J \^(p(p^(p7V^7r(p^7V7v)^ 

0 

1 

0 

0 




V V^ttttI / 


V ^7T7v2 } 


1 -1 

0 

0 

0 ) 


\ V^TTTT / 


(7.15) 

The second quantized hied (p{x) acts on the two particle state as 


<f{x] 


( 7^w(^i , ^ 2 ) ^ ^ ^ 

=( ] S%x -X2)+( ] 6^{x - Xi) 

(p^y,{Xl , X 2 ) \ J \ (PAX 2 ) J 

V V^7r7r(a:i , X 2 ) J 


(7.16) 


Thus (p{x) is just a pure annihilation operator. On the other hand, the if- 
operator acts as 


n{x) 


^ 7 ^w(aq , 2^2) ^ 

^<pTr(^l 1 2 ) 2 ) 
(p^^{Xi , X 2 ) 

V V^7r7r(a:i , X 2 ) J 



X 2 ) + 


<^^( 2 ^ 2 ) / 


Xi) 


(7.17) 


Next we consider the Hermitean conjugate operator (p{x)~^ which should act 
on the states in such away that it has the same effect as (p{x) in the ket. Thus 
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(f \X _ 


\ _ 


f <fipip{xi , X2) 

^ipwi^Xi , X2') 
, :^2) 
V (PnTriXi , X2) 


0 ^ \ 

^ip{xi) 6 ^{x 2 - x) 

0 

(Pn{Xi)6^{x2 - X) j 


^Axi) J 

Therefore starting from zero particle state ipo we obtain 


(7.18) 




f ‘fipipixi , X 2 ) = 0 \ 

, :^2) = 0 

‘-Pnpixi , X 2 ) = 0 

\ (Pnnixi , X 2 ) = 6^{x - Xi)6^{x - X 2 ) J 


(7.19) 


It is now clear how the Hamiltonian operator H should be expressed by the 
second quantized helds (p and ip~^ . The free Hamiltonian operator 


Hfree = J {7r+(x)7r(a;) + (v<^^(a:)) ■ {\/p{x))jd^ x 
acts on the two particle states as 


Hfree 

For the interaction Hamiltonian 

H 

- — 




( ° 

i 

i 

o\ 

/ Pptp \ 

^ipTV 


—iA 

0 

0 

i 

^(pTV 

^7T(p 


—iA 

0 

0 

i 


V V^TTTT j 


V 0 

—iA 

—iA 

0 y 

V ^TVTV / 


x)^Yp{xYd^ X 


we have 


H, 


int 


^ Pipp{Xx,X2\t) ^ 
Pp,r,{x^,X2,t) 
Pttp (2^1 ) X2 1 t) 

V PrTrT{Xl,X2]t) j 


A 


( 0 
0 
0 




y (53(a;i - X 2 )pp,p{xi,X 2 -,t) j 
In an energy eigenstate the average of Hint is given as 


(7.20) 


(7.21) 


(7.22) 


(7.23) 
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H., 


int 


int 


< 


^ ^ipip 

tj 
Hj 

V ^7V7V / 

- 5 ) > 


V^yPTT 

^TTip 

V V^TTTT 




^ Vtptp \ 

^ipTV 





^'Kip 

V ^7T7V / 


V V^TTTT / 


(7.24) 


where <> denotes to take the expectation value by the eigenfunction of Hfree 
with the eigenvalue uj 

In order to estimate the phase shift caused by the interaction we 

consider an incoming wave packet with zero angular momentum corresponding to 
the s-wave, which has a distance L in the radial direction . It is expressed by 
ch^ik ■ r) as ho(fc ■ r) ~ where a coefficient c is determined by 


/ |cho(fc-r)|^ ■ dvrr^dr = —— . (7.25) 

Jr-^ {2ujY 

Here R denotes the radial position of the center and we use normalization so 
that after dropping center of mass motion it is given by —i f(Tr*(p — (p*7r)d^ x= 1. 
For UJ = k it gives 


c = 



(7.26) 


While the wave passes with time L the square of the wave function is given 

by 


icjor = icr = 


IGttL 


(7.27) 


Thus the expectation value of Hint in the period L is evaluated as 


^ ^=^icr = 


A 


1287rL 

and so the phase shift of the wave function on the average is given by 


(7.28) 


5 = 


A 


-L = 


A 


(7.29) 


1287rL 1287r 

Using this relation to the boundary condition eq. (|7.12|) , it is expressed in terms of 
A 


COeff. of ^ ipipl t _pnrt const—part) (7.30) 

where small 6 approximation is used. Furthermore if one use the relation in the 
center of mass frame 
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we can write the boundary condition eq. (|7.30|) as 


( 7 . 31 ) 


COeff. of I 5471" ' '^Lpip\const—part) ■ (7.32) 

In general one may rewrite local interactions as boundary conditions in the 
similar manner to the above example. 


8. The analyticity and sheet structure 


We argue in this section that it is natural to think of analytic wave functions in 
the naive vacuum world. The only exception should be branch-point singularities 


where one of the distances 


[xi — Xk)"^ between a couple of particle vanishes. 


However, as will be shown below the scattering of negative energy particles on 
positive energy ones leads to bad singularities in the wave functions. To argue for 
these singularities we start from scattering of two particles with ordinary time¬ 
like total four momentum Pi + P 2 ■ The local interaction, typically in s-waves, 
leads to a scattering amplitude expressed by po{kr) = — which is singular 
sX k ■ r = 0. Here k and r denote the relative momentum and distance. It 
has a pole in A; ■ r but has a square root branch point as a function of (fcr)^ cx 
(pi +P 2 )‘^{,Xi — X 2 )‘^ — [{pi +P 2 ){xi — X 2 )Y ■ Then we analytically continue Pi +P 2 
into space-like one. This is what one can achieve in the naive vacuum world. When 
the two formal times x^ and equal = X 2 we have the true wave function. 

Even under this restriction x? = x® , in an appropriate reference frame we can 
uphold the zero of fc ■ r and thus branch point singularities for some real Xi — X 2 
and Pi + P 2 - 


One would be worried that such singularities might challenge causality. How¬ 
ever this is not the case because of the following reason: The singularity only 
appears in an inhnitely sharp eigenstate of pi + P 2 - The set up of such a state in 
principle require so extended apparatus that one can no longer test causality. In 
fact, suppose that we set Pi + P 2 with a hnite spread A(pi -|- P 2 ) then appara¬ 
tus have to be no more extended than — -A ^ in x-space. But in this case the 

A(pi+P2) 

singularity also gets washed out so as to go into the complex plane. 


However, even if this is the case, it is unavoidable that the distances Vik = 

\l (xj — Xfe)^ can go to zero even if xi — Xk does not go to zero. Thus there will be 
branch point singularities. 


Next we argue how many sheets there are in the N particle scattering. The 
wave functions are prepared and thus whether it is analytic or not may depend 
on the preparation. However even if we prepare an analytic wave function there 
may be unavoidable branch-point singularities when the distance Vik goes to zero 


27 








for nonzero complex distance vector. These unavoidable singularities come in from 
the interactions because rjQ is singular at r = 0 . 

If we consider the scattering of two particles, it is described by the phase 
shift. The wave functions of the scattered particles are described in terms of 
Je{kri 2 )y^{xi — X 2 ) and r]i{kri 2 )yli{xi — X 2 ), where ri 2 is the distance of the 
two particles 1 and 2 and Xi , X 2 their positions. The spherical harmonics y^ are 
defined as 

yLixi-X2) = (8.1) 

where are the usual ri 2 -independent spherical harmonics. When there is no 
scattering, it is expressed by jey!^ and there will be no branch point singularities. 
However if there is scattering, the functions 


■ rniyL 


( 8 . 2 ) 


come into the wave function which are odd in ri 2 so that the branch point singular¬ 
ities appear. Here ri 2 is a simple square root and thus it has two sheets on which 
the wave functions differ by the sign of r}i{k ■ ri 2 )y^ . These parts of the wave 
functions are given by the interaction as was discussed in the preceding section. In 
particular the switch of the sign can be achieved by keeping the terms hxed 
but changing the sign of the interaction, A —>■ —A. 


If we consider iV-particle system, there are \N[N -|- 1) pairs of particles of 


which distance is given by Vik = \J{xi — Xk)"^. Since we consider just 2 sheets with 
respect to each of these \N[N -|- 1) pairs, there appear sheets altogether. 


We consider the case that the incoming waves scatter in all possible combina¬ 
tions with each other. Thus a wave scattered rjik times by particles i and k changes 
sign 


Vik ■ Sik {i 7 ^ k) (8.3) 

(i,k) 

times when going from the original sheet to the one characterized by {5'*^}. Here 
Sik is understood to be Sik = 0 for the first sheet with respect to Vik and Sik = 1 
for the second sheet. So the piece of the wave function changes as 

Apiece ^ Apiece • (8.4) 

Obviously this sign changes separate the sheets and this is the minimal 

number of sheets which gives the wave function with minimal singularities of the 
branch point. 

Typically even if the incoming waves have other singularities, we can continue 
to other sheet with respect to the Vik distance as will be discussed in next section. 



9. The CPT-like theorem 


In this section we first consider how the usual CPT symmetry operation acts on 
the naive vacuum world. As will be explained below the naive vacuum is brought 
into the totally different state if the usual CPT is applied and thus it is spontaneous 
by broken. We shall then propose a new CPT-like symmetry which leaves the naive 
vacuum invariant. 


In order to apply the usual CPT operation, we describe the naive vacuum from 
the true vacuum viewpoint. In the naive vacuum viewpoint there are no particles 
and/or no holes in all the single particle states with positive energies as well as 
negative ones. Even if we consider them from the true vacuum point of view there 
are no particles in the positive energy states. However the negative energy states 
are described as the ones with minus one hole for bosons and one hole for fermions. 
If we use the states with only the positive energies there are minus one and one 
anti-particles for bosons and fermions respectively. 

The usual CPT operation acts on the naive vacuum described by the true 
vacuum viewpoint in the following way : it brings into the positive energy states 
with minus one boson and one fermions. Theses states should be translated back 
to the ones in terms of the naive vacuum viewpoint. All the states with positive 
energies as sell as negative ones are hlled by minus one boson and one fermions. 
These are completely new states relative to the naive vacuum and we may say that 
the usual CPT symmetry is spontaneously broken. 

We now ask the question if we could invent a CPT-like operation for which the 
naive vacuum does not represent such a spontaneous breakdown. 

We shall indeed answer this question affirmatively : we propose a new strong 
reflection in which the inversion of the operator order contained in the usual strong 
reflection is excluded. We then compose it with an operation of analytic continu¬ 
ation which will be presented below. 


At hrst one might think that a primitive strong reflection on a state in the naive 
vacuum world be a good symmetry. This reflection is dehned so as to shift the sign 
of any Lorentz tensor by (—1)''®''^^ . Thus the Hamiltonian gets a sign shift H —> —H 
under the primitive strong reflection. Indeed this expectation works for the free 
theory. However, looking at the interaction described by the boundary condition 
in eq. ([f.l^D , we see that under the time reversal t t which is contained in the 
strong reflection the left hand side changes the sign while the right hand side does 
not. This means that action of the naive strong reflection on a state in the Fock 
space in the naive vacuum world which obeys the condition eq. (|7.12|) brings into a 
state which does not obey it. If we should make the symmetry a good one we might 
do it so by changing tan <5 —> — tan 5. It would be achieved by changing sign on 
the coupling constant A according to the formula eq. (|7.3CI|) . However the coupling 
constant A is one of the fundamental quantities and it cannot change sign. Thus 
the naive strong reflecting without operator order inversion is not a good symmetry 
for the interaction Hint- 


We may look for a modification of the Fock space state of the model that could 
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provide a sign shift of the interaction. By combining the modification with the 
simple strong reflection we could get a symmetry of the laws of nature in the naive 
vacuum picture. 

For finding this modification it would provide an important hint that in the 
relation eq.( |7.12|) there is a factor ^ and that the distance Vik is a square root 

Tik = \J{xi — XkY- This distance has a branch point at Vik = 0 and cxo as an 
analytic complex function. In the analytic continuation it has two sheets on which 
Tik takes on the opposite values 


^jfclone sheet ^ifclthe other sheet • 

This sign ambiguity is just what we need, provided we postulate that our new 
CPT-like operation should contain the analytic continuation onto the opposite 
sheet in addition to the simple strong reflection. By the former change we get 
^ik —^ —Tik and it makes the boundary condition eq.( [f.l2|) turn out invariant under 
the full operation. Thus the new CPT-like operation consists in A) simple strong 
reflection composed with B) r^k —^ —Tik provided by analytic continuation. 

In order to get the sign shift —>■ —Tik for the interactions between all possible 
pairs of particles in the naive vacuum world it is needed to make the analytic 
continuation so that it goes to the opposite sheet with respect to every pair of 
particles i, k. In fact we restrict our attention to such a wave function that it has 
only the branch points due to the square roots in r^k- With such an assumption for 
the wave functions we may define a procedure B) by which a wave function 'ip is 
replaced by a new one for the same values of (xi, 0 : 2 ,..., xat)) but on the different 
sheet. 

All this means that we propose a replacement for the usual CPT-theorem in 
order to avoid spontaneous breakdown by the naive vacuum. 

We consider the CPT-like theorem by taking the simple case of theory. 

It should be valid under very broad conditions. 

In the [ip^ipY theory in the naive vacuum world there is a symmetry under the 
following combined operation of A) and B) : 

A) Strong reflection without operator inversion. 

We make a replacement in the wave function of all position variables xi X 2 , ■ ■ ■ ,xn 
by their opposite ones. 

^ Xi,...,- Xn) (9.2) 

whereby replacements pi^ — pi are performed. In this operation energy and 
thereby time shift sign. This means that ip^..if components have a minus sign 
for each vr 
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this transformation A) may be described as strong reflection (S.R.) though without 
including the operator inversion rule. It should be noticed that this operation A) 
does not keep the inner product invariant. 

B) Analytic continuation of the wave function onto the other sheet on which 
all the distances rik shift sign. 

The wave function is analytically continued onto another 

sheet over the complex 3N dimensional conhguration space but with the same 
values of the arguments Xi,...,X]sf . The continued sheet is the one on which 
the relative distances rik = \J— XkY are shifted their sign relative to the hrst 
sheet. 

This CPT-like theorem presupposes to choose boundary conditions for long 
distances in the following way : 

1) We suppose that in the scattering at t —cx) we have ingoing waves while 

at f cx) outgoing waves. Here ingoing and outgoing waves are interpreted 
according to the directions of velocities but not momenta. 

2) For the negative energy pairs we choose, instead of convergent boundary con¬ 
ditions anticonvergent boundary conditions, which means that total energy 
is negative. Some explanation is in order. 

First of all we call attention to the relations between the velocity v and mo¬ 
mentum P. For positive energy particles v and P point in the same direction while 
for the negative energy particles it is opposite. Whether the wave is incoming or 
outgoing is dehned by the velocity. 

The operation A) brings an extended bound state over a hnite region into a 
conhguration with a hnite extension. If a bound state wave function behaves as 
e~^^, it may blows up as after the analytic continuation B). This is an obvious 

consequence of changing the sign of all the formal expression Vik = \J{xi — XkY foi' 
the relative distances. Then in order to be able to dehne the condition on the blow 
up state, we have to analytically continue back these distances to the sheet with 
no sign shift relative to the original sign. Thus we can summarize in the following 
way : For positive energy we use ordinary bound state condition while for negative 
energy the anti-bound condition is required. 

It should be remarked that both energy and momentum change the sign, but 
not the velocity. 

We may list the properties of operations A) and B) : 

Properties of A) 

1 ) transformations of variables 

x—> — X , t ^ —t 
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- P , E ^ -E 

v^v 

i i{no complex conjugation) 


2 ) boundary conditions 

s-matrix type boundary condition, that is, ingoing at t = —oo and outgoing at 
t = oo are kept fixed. In terms of velocity. 


ingoing wave 
{x ■ v< 0) 


outgoing wave 
{x ■ v> 0) 


3) particle and hole are not exchanged 


particle —particle , hole —hole 


( 9 . 4 ) 


Properties of B) 

The operation of the analytic continuation in B) is performed on the maximally 
analytic wave function ip{xi,X 2 ... ,X]sf) for any fixed number N of particles. In 
this way the number of particles N is conserved. 

A continuous function 'ip{xi,X 2 ■ ■ ■ ,X]\f) of variables {xi,X 2 ■ ■ ■ ,xn) conceived 
of as complex variables is analytically continued along a path which avoids the 
branch points. It is lead onto a sheet characterized by the change of the sign for 
all the Tik relative to the starting one. 

In a typical scattering the scattered wave function will change sign under the 
operation. In the expression in terms of the partial wave of the wave function 


oc cos Sjo{k ■ r) — sin 6no{k ■ r) , 

OC oj cos Sjoik ■ r) — ui sin Sn^ik ■ r) (9.5) 

we make analytic continuation r ^ —r and uq —uq while jo —^ Jo so that the 
scattered wave given by uq changes sign. 


10. Proof of the CPT-like theorem 

To prove the CPT-like theorem discussed in last section we first remark that 
it is true for free theory : In this case the operation A) may be brought upon in 
momentum space and both energy and momentum are inverted for every particles. 
Since free wave function is analytic and it is the same on all the sheets. Thus the 
continuation operation B) has no effect in the free case. 
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If there are interactions the strong reflection A) does not keep invariant the 
boundary conditions at the meeting point 


z(cOeff. of I i— part) 2 tan (5 ■ (coeff. of </ 2 (^(^ 7 r,,,(^|const.part) • 


with tan 5 = — ^ because the left hand side changes the sign under t —t —t. Thus 
after the operation A) the condition is satished with opposite sign tan 5 —t — tan 5. 
On the other hand with analytic continuation under B) the equation of motion 
in the 7 ^ 0 regions remain satished with the eigenvalue —E. However by the 
operation A) the solution with E becomes the one with —E. But on return the 
Tjfc’s have changed sign. Thus after both A) and B) operation not only the equation 
of motion is fulhlled but also the boundary conditions eq. ( | 10 . 1 | ) are satished with 
the original correct sign. 


Let us remark on the boundary condition at large Xi^s. In this case as long as 
the scattering is negligible the jc expansions works which is even in r = in the 
sense that if one wants to use spherical harmonics you need 


= r'-vT . (10.2) 

The hnal expansion turns out even in r when no n'^s are present. Thus the wave 
function is the same on all sheets and the operation B) is unahected. When interac¬ 
tion is switched on in an incoming wave, the sign is changed for a piece of scattered 
wave scattered an odd number of times. However, the form of the waves, either 
^ik\x\ Qj, -g cPanged by the analytic continuation B). Thus the velocity- 

wise boundary condition can be settled as if there were only the operation A) in the 
CPT-like theorem. Under A) we have the shifts — x , — P , U—>• —E 

and thus n= ^ is not. Therefore x ■ — x ■ v. 

In the S'-matrix conditions the ingoing wave packets at t = —00 have x ■ v< 0 
while the outgoing ones have x ■ v> 0. Combining with t —t, this condition 
remains the same under A) and thus under the whole CPT-like operation in the 
naive vacuum world. 

To suggest that this CPT-like theorem is very general we sketch the method 
how to construct a general proof. First operation A) is in fact strong reflection but 
without the operation of order change of the creation and annihilation operators. 
It is strongly suggested to perform an analytic continuation of a Lorentz-boost to 
an imaginary rapidity 


7] = in (10.3) 

where the boost velocity is given by Vboost = tanhr;. It is followed by a vr rotation 
around the boost axis. 

It may be written, for simplicity, in terms of the matrix elements of the Lorentz 
transform as 
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( 10 . 4 ) 


cosh r] sinh 0 0 
— sinh 7] cosh 77 0 0 
0 0 10 

0 0 0 1 

However it is not as simple as this. In order to perform a Lorentz-boost of a wave 
function we have to live with the problem that simultaneity is not an absolute 
concept. To obtain the wave function in another reference frame, it is required 
that one time develops the state of different positions in a different way. The 
best way may be to use a formalism in which different times are allowed for each 
particles. Such a formalism is possible locally since the interactions are so local 
that the theory is free and we can time develop one particle but not others. 

In the neighborhood of (xi,... ,xm) for N particles with Xi^Xj we may treat 
them as free particles for a certain hnite time. Then up to the hnal time we consider 
that each particles have individual times ti,... It may be allowed to boost 
them with small 77 . For boosts with large 77 the Lorentz transformations will involve 
coinciding XkS so that the interaction caused by singularities will be associated. 

We would like to suggest that under a properly performed Lorentz-boost with 
the imaginary rapidity 77 = ivT we may be able to let all the distances Vik = 

\f {xi — XkY go onto the second sheet. This means that the analytic continuation 
of Lorentz boosts and tt rotation leads not only to the A operation but also to 
B). Thus our CPT-like theorem turns out to be the analytic continuation of the 
Lorentz transformations. 

To see typical sheet structure we consider the two particle case in which they 
move freely in the classical approximation and pass each other at some hnite dis¬ 
tance or meet at a point. For simplicity we take a situation in which one of the 
particles passes through the origo of the space time coordinate system. When 
making a pure Lorentz transformation this particle will continue to cut the = 0 
simultaneity hyperplane in the same event. This means that the distance between 
the passage events on the simultaneity hyperplane of the two particles is given for 
all reference frames by the one from the origo to the passage event of number two 
particle. 

For simplicity we shall also choose the initial coordinate system in such a way 
that the particle number two is at rest. Then the distance between the two particles 
at zero time f' = 0 in the boosted coordinate system is equal to the Lorentz 
contracted length of the stick of which one end is at the origo in the original frame. 
Let us suppose that the stick relative to the x-axis in the original frame have the 
longitudinal length component L' and the transverse one The coordinates of 
the three space in the original coordinate system of the particle 2 passage reads 

x= (£// , , 0 ) 

by choosing that the x — y plane contains the stick 
the point x= 0 to x= [in , ^_l , 0 ) is given by £ = 
contracted to be 


(10.5) 

The original length from 
^and gets Lorentz 
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^(new frame) = “ v‘^) (10.6) 

where v is the boost velocity along the x-axis in the new frame. In terms of rapidity 
it reads 


^(new frame) = \/+ B{1 - tunh^ 7 ]) (10.7) 

This can be written as the factorized radicant form 


Anew frame) - ^{il * cOsh ^ ^ ' COsh 7) ^ 

This reveals the branch points for ^(new frame) as a function of the boosting rapidity 
7] given by 


7 ] 

and 

71 


arcosh 




± arcsinh (T//£_l) 


.TT 


arcosh (0) = i —(modvr) 


(10.9) 

( 10 . 10 ) 


The result of a boost hj r] = in may depend on which path of t] from 0 to in one 
chooses. Notice that we cannot let 7] go along the pure imaginary axis because 
it would hit the two branch points at t] = i^ . In fact each of the two factors 

^i±± i- coshr] ^ branch point at t] = i^. Thus there is only a pole and no 
branch point for the i(new frame) expression. Therefore it does not matter to the 
endresult of ^(new frame) ou which side of the singularity at rj = i^ the passage has 
been performed to reach the endpoint t] = in. So we can decide to make the path 
go by deforming to either side by inhnitesimal amounts ±e around this pole and the 
end result will be the same. We take the path outside the branch point singularities 
at 7] = ± sinh~^ But these are at hnite distance from the imaginary axis as 

long as £// 7 ^ 0. In this way we have seen that for ^ 0 the most direct path is the 
one connecting those two true branch points which is almost the imaginary axis 
except for ±e deformation. If we choose this path it is easy to show that a sign of 
^(new frame) gets changed iu the sense that 


^(new frame) (h ^(new frame) (h 0) 

= ( 10 . 11 ) 

Since all 4 vectors change sign by going to t] = in the stick should lie between 
x= t) and x= {—in , —i± , 0) . If we write pure imaginary t] as t] = it] where f) is 
real, we have cosh t] = cos r). Thus the full radicant 




a 

COS^ fj 


( 10 . 12 ) 
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is positive and lies on the purely imaginary axis with rj = ifj. If the radicant remains 
real and nonzero the square root ^^(new frame) would stay positive say, by continuity. 
Only when we make the detour with ±e is there a possibility to let ?7(new frame) go 
into the complex quantity and thus it may possibly change sign when returning to 
the imaginary axis. 

In fact since there is the pole in t'(newframe) at 77 = the length i(new frame) 
changes sign when rj passes from 77 = * (f — e) to 77 = * (f + e) along a little 
detour away from the imaginary axis. Thus the result is that along the path 
described above there is indeed a sign change on the £(new frame)- 

This means that for other pairs of particles we could also get such a sign shift 
for the distance between the particles = i(new frame)- We then could achieve both 
the operations A) and B) as an analytic continuation of a Lorentz transformation. 

We will not prove here the fact that one can always find a path along which 
shifts sign on such distance. However, we showed that by choosing as the suggestive 
shortest path of analytic continuation the one along the imaginary 77-axis we get 
the sign shift. 

So if it should at all be possible not to switch the signs of distances by making 
an analytic continuation to 77 = in, it would at least be a more complicated and/or 
far away path. 


11. Relation to the usual CPT-theorem 

As we have described in the previous section we think that the new CPT- 
like theorem holds in the naive vacuum world where there are a finite number of 
particles. However, if we are not afraid of inhnities we may apply it on the correct 
vacuum where all the fermion negative energy states are hlled and for the bosons 
one particle is removed from each negative energy single particle states. In this 
case, however, the state is brought into another world in which the positive energy 
states are all hlled for fermions and for bosons one particle is removed from each 
positive energy single particle states. Thus it is not a practical symmetry for the 
real world described by the correct vacuum. The CPT-like symmetry brings the 
real world across the hgure with the four vacua as is illustrate in Fig.l, in much the 
same way as the usual CPT-theorem brings the naive vacuum across the hgure. 

If we take a point of view that we apply both new and old CPT-theorems on 
all the four vacua and associated worlds, we may consider the composite operation 


(CPT-like symmetry) - (usual CPT) 

= particle-hole exchange with analytic continuation 

In fact the composite operation is the symmetry under the following combined set 
of three operations : 
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1) Particle hole exchange ; it replaces every particles by corresponding holes 
which is equivalent to the —1 particle in the same single particle state. 

2) Perform the same analytic continuation to all the particles so as to bring all 
the relative distances of them to change sign 

3) Complex conjugation of the wave function. This operation is a symmetry in 
the sense that it brings the energy and momentum to the ones with opposite 
sign. 

It should be noted that this composite operation is antiunitary. This symmetry 
can be derived under very general conditions that consist mainly of the locality of 
interactions and some remnant of Lorentz symmetry. The point is that in order 
to prove the sign change of the interactions by going to the other sheet in the 
distances rik'ip in the boundary conditions eq. (|lU.l| ) should be shown to behave as 
an odd power of 

Certainly one can claim that the particle hole exchange theorem may be proven 
by combining our arguments in section 10 for the proof of the CPT-like theorem 
in the naive vacuum with the usual CPT theorem. However we believe that the 
proof could be made under much weaker assumptions. 


12. Conclusions 

We have put forward an attempt to extend also to bosons the idea of Dirac sea 
for fermions. We first consider one second quantization called the naive vacuum 
world in which there exist a few positive and negative energy fermions but no 
Dirac sea yet. This hrst picture of the naive vacuum world model is very bad 
with respect to physical properties in as far as no bottom in the Hamiltonian. For 
bosons this naive vacuum is even worse physically because in addition to negative 
energies without bottom a state with an odd number of negative energy bosons 
has negative norm square. There is no real Hilbert space but only an indehnite 
one. At this hrst step of the bosons the inner product for the Fock space is not 
positive dehnite. Thus this hrst step is completely out from the phenomenological 
point of view for the bosons as well as for the fermions. For the bosons for two 
major reasons : negative energy and negative norm square. 

However, from the point of view of theoretical study this naive vacuum world at 
the hrst step is very attractive because the treatment of a few particles is quantum 
mechanics rather than quantum held theory. Furthermore by locality the system 
of several particles becomes free in the neighborhood of almost all conhgurations 
except for the case that some particles meet and interact. We encourage the 
use of this theoretically attractive hrst stage as a theoretical playground to gain 
understanding of the real world, the second stage. 

In the present article we studied the naive vacuum world at hrst stage. We 
would like to stress the two major results in the following : 
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1) We found a CPT-like symmetry. A reduced form of strong reflection provides 

an extra transformation that is an analytic continuation of the wave function 
onto another sheet among ones for the wave function of the N 

particle system. The sheet structure occurs because rik is a square root so 
that it has 2 sheets. For each of the ^N{N + 1) pairs of particles there is a 
dichotomic choice of sheet so that it gives sheets. 

2) We found the main feature of the wave functionals for the bosons. They are 
derivatives of (5-functionals of the complex held multiplied by polynomials in 
the complex conjugate of the held. These singular wave functionals form a 
closed class when acted upon by polynomials in creation and annihilation op¬ 
erators. Especially we worked through the case of one pair of a single particle 
state with a certain momentum and the one with the opposite momentum. 

The main point of our present work was to formulate the transition from the 
naive vacuum of the hrst stage into the next stage of the correct vacuum. For 
fermions it is known to be done by hlling of the negative energy states which 
is nothing but hlling up the Dirac sea. The corresponding procedure to bosons 
turned out to be that from each negative energy single particle states one boson is 
removed, that is minus one boson is added. This removal cannot be done quite as 
physically as the adding of a fermion, because there is a barrier to be crossed. 

We did this by studying the harmonic oscillator corresponding to a single par¬ 
ticle boson state. We replaced the usual Hilbert norm requirement of hniteness by 
the requirement of analyticity of the wave function in the whole complex x-plane 
except of a; = ±cx). The spectrum of this extended harmonic oscillator or the har¬ 
monic oscillator with analytic wave function has an additional series of levels with 
negative energy in addition to the usual one. The wave functions with negative 
energy are of the form with Hermite polynomials times . 

We note that there is a barrier between the usual states and the one with 
negative excitation number because annihilation or creation operators cannot cross 
the gap between these two sectors of states. The removal of one particle from an 
empty negative energy state implies crossing the barrier. Although it cannot be 
done by a hnite number of interactions expressed as a polynomial in creation and 
annihilation operators we may still think of doing that. Precisely because of the 
barrier it is allowed to imagine the possibilities that negative particle numbers 
could exist without contradicting with experiment. 

Once the barrier has been passed to the negative single particle states in a 
formal way the model is locked in and those particles cannot return to the positive 
states. Therefore it is not serious that the correct vacuum for bosons get a higher 
energy than the states with a positive or zero number of particles in the negative 
energy ones. 
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